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Second-order effects in free convection
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The equations of conservation of momentum, energy and mass together with the
equations of state are examined for free convection from a vertical paraboloid.
A transformation due to Saville & Churchill is applied to the first- and second-
order boundary-layer equations, which are then solved using series about the
stagnation point, using asymptotic series far up the body and in between by a
method due to Merk. The second-order outer inviscid flow is given in terms of
infinite integrals as a solution of Laplace’s equation in paraboloidal co-ordinates.

Eight second-order effects are distinguished, depending on longitudinal and
transverse curvatures, the displacement flow, heat flux into the boundary layer
and the variation of density, viscosity, thermometric conductivity and the co-
efficient of expansion with temperature. Expressions for the skin friction,
heat-transfer coefficient and various flux thicknesses are obtained and a compari-
son of the second-order effects is made.

1. Introduction

Much attention in recent years has been focused on problems involving laminar
free convection from a variety of body shapes. The usual starting point has been
to make boundary-layer approximations under the assumption that the Grashof
number @ is large. The solution is derived using the first terms in asymptotic
expansions of the momentum, energy and continuity equations as the Grashof
number tends to infinity and for moderate Grashof numbers a second approxima.-
tion is desirable.

For incompressible flows in the absence of body forces the second-order
boundary-layer equations together with the appropriate matching and boundary
conditions have been formulated by Van Dyke (1962a) using the method of
matched asymptotic expansions. He notes that these equations are linear (as,
indeed, are all higher order equations) and divides the second-order correction
into five additive effects each capable of simply physical interpretation. These he
labels as (i) longitudinal curvature, (i) transverse curvature, (iii) displacement
flow, (iv) external vorticity and (v) external gradient of stagnation temperature.
In free convection (iv) and (v) are absent and we must include (iv) the heat
flux and (v)-(viii) the variation of certain fluid properties with temperature.
The latter may be taken to depend on y, which is defined as 8(T,,— T;), where
is the coefficient of thermal expansion and 7, and Tj, the temperatures of the body
and the ambient fluid respectively. In some free convection flows y is comparable
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with the second-order boundary-layer effects (O(G—1)) as illustrated in table 1.
We assume that both curvatures are O(1) everywhere and that non-continuum
properties may be neglected.

A survey of second-order boundary layers in forced convection flows is given
by Van Dyke (1969). Here the neglect of the body force simplifies the analysis
by separating the momentum and energy equations and the inclusion of this
term at the expense of the pressure gradient due to a free stream is the dis-
tinguishing feature of free convective flows. In the only work so far devoted to
thermally induced second-order boundary layers, Yang & Jerger (1964) and
Clarke (1973) discuss free convection from a vertical flat plate where the only
second-order effect present is that due to the displacement flow. Variable
fluid properties are not considered but Poots & Raggett (1967) have discussed
them in forced convection. The effect of dissipation in free convection (which we
shall neglect) has been treated by Gebhart (1962).

In thisstudy we consider a flow in which all five second-order effects are present
and choose, as a simple case of a body possessing both longitudinal and transverse
curvature, a paraboloid of revolution. This is placed with its axis vertical and is
assumed to extend upwards to infinity. As in all free convection flows there is
1no obvious velocity scale and we define U3 = gpl(T,,—T,), where I is a typical
length scale (say, the radius of curvature at the station point). The Grashof
number is then U3I/v2.

The first- and second-order boundary-layer equations are formulated in a
similar way to that of Van Dyke (1962a) and are solved in §§ 3 and 5 respectively.
Series solutions are obtained near the stagnation point and far up the body after
application of a transformation due to Saville & Churchill (1967) which is ana-
logous to Gortler’s (1957). This has the advantage that the velocity and tempera-
ture profiles change slowly as we proceed along the body and we are therefore
able to find the solution where neither series holds by a method due to Merk
(1959) which is much faster than the usual step-by-step integration procedure.

The second-order effect due to the displacement flow involves the second-order
outer (inviscid) flow. There is, of course, no first-order outer flow. It is here that
the elliptic nature of the Navier—Stokes equations reasserts itself, having been
lost in the boundary-layer approximations, which yield parabolic equations.
In §4 we discuss a solution of Laplace’s equation in paraboloidal co-ordinates in
which the tangential component of the velocity at the surface is expressed in
terms of infinite integrals involving the second-order normal component.

Finally, in §6, expressions for the skin friction, heat-transfer coefficients and
the flux thicknesses are obtained and the results discussed.

2. Equations of motion

Our co-ordinate system (s, V, w) is defined with reference to cylindrical polar
co-ordinates (r,z,w) with the origin at the stagnation point and z measured
vertically upwards; s is measured along the body and N normal to it. A length
element is given by

(@)2 = (1 +kN)2(ds)? + (dN)2 + (1 + N sin 6)2 (dw)?2,
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where k = — (d?r/ds®) cosec 6 is the curvature in the s, ¥V plane and 6 is the angle
between the tangent and horizontal.

The momentum, energy and continuity equations for a compressible fluid are

DU, 0 oU; 0 oU, oU;
b pX . 2o 4 L (S O
P i 28 o, (p+ 3t 890]») +8x]- {’u (89:]- + 8901.)]’ (2.1)

DI 2 ( oI\ Dp
Por = oz, \ oz, i
Dp[Dt+poUfox; = 0, (2.3)

+O, (2.2)

in the usual notation. These are supplemented by equations of state for p, u, k
and /. For a homogeneous fluid I, p, # and k are functions of p and 7 with
(21/0T), = c,. For a gas we assume that c, = constant, I =c¢,T, p = RpT,
p=p(T), k=kT) and o = uc,/k = constant; for a liquid p =p(T) and
I = I(T), which means that ¢, = I'(T'), p = p(T), k = k(T) and o = o(T). The
boundary conditions are

T=7T, U=0 at N=0; T->T, U>0 as N—>oo.

We write p = p,+pg, p = po+pgand T = T.+ T, where the subscripts s and
d denote static and dynamic variables respectively. When the fluid is static
(U; = 0) we have dp,/dz = —gp,, and k(T,)dT,/dz = constant. For a homentropic
gas Ty(z) = T,(0)—gz[c,. A characteristic velocity is defined by U, = (8gIT})%,
where the local coefficient of expansion g = T;! for a gas and § = —p'(Tp) po*
for aliquid. Also 7} = T,,— T} is a typical temperature difference and ! is a typical
length (say, the radius of curvature at the origin). We non-dimensionalize by
writing

x=% U=GU, T=Te+TT, p=p2)—poxp,

P= ps(z) +Xp()glﬁ’ cp = C()Cp’ /’L = /’00/7’ k = kOI—C’

where y = 87 and pq, ¢;, 4o and k; are stagnation values. Assuming that the stag-
nation temperature gradient may be neglected, i.e. fl(dT,/dz), < ¥, we may take
T.(2) = T.(0) = Tyand p, = p,(0) = pg,sothat theequations of state may be written
as

p = po(1~XP);

p= T+ﬂl XTZ, b= 1+X//“1T—>}

i L (2.4)
k=1+xk,T, ©¢,=14xcT,

where S, 4.,k and ¢, are known coefficients which are assumed to be O(1).
This necessitates avoiding temperatures near which £ is small for then

P=0(x"1>1

and we must therefore exclude discussion of effects such as the anomalous expan-
sion of water. For a gas we take #; = — 1 and ¢, = 0, and we may ignore termsin
x for a liquid (see table 1), so that hereafterc,, = 1.

The equation of continuity reduces to

oU,ox, = x Dp|Dt.
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I(em) T,(°C) el a1 X €
Air (T, = 10°C) 2 1 108 0-03 0-004 3-0x 10-%
1 10 108 0-03 0-04 1-5x 10-8
05 100 108 0-03 0-4 0-7 x 10-%
Water 80 1 108 003 0-0006 1-2x 1075
(T, = 10°C) 40 10 108 0-03 0-006 0-6 x 10-5
8 10 104 01 0-006 1-:0x 108
Mereury (T, = 10°C) 1 01 108 0-03 0-0002 60 % 10-°

TaBLE 1. Physical parameters

The temperature rise due to the dissipation term ® is O(Ug/c,), which is O(eTy),
where € = fglfc,, and in the energy equation Dp/Dt = O(e[y). We hereafter
assume that € < y? (see table 1) and negleet dissipation effects. The simplified
equations of motion are

oU, . L (@U, [t eDT ol aU,.)
(1*XT)3— (T+ 5, xT7) 9— +G {375 +X[§8_miﬁ+ﬂ13xj(5x_j+%; }
(2.5)
DT 0 oT
- —— =Gt =
o1 =xT) D ¢ ox; (kaxi)’ (2.6)
oU,Jox, = xDT|Dt, (2.7)

on dropping the bars, where 7' = I, 8 is a unit vector in the z direction and
G = BT pi/pt  (Grashof number),
o = ¢y fio/ky  (Prandtl number).

The boundary conditions in non-dimensional form are

T=1, U=0 at N=0; T—-0, U->0 as N ->o0. (2.8)

2.1. Inner and outer expanstons

For G > 1 we seek an outer solution of the form
U=U,+610,+..,

and similarly for 7' and p. Equations (2.5)-(2.7) and boundary conditions (2.8)
then give

(U,.V)U, + VP, = - T\9, (2.9)
)T, = 0

which means that 7} = 0 and U, derives from a velocity potential which satisfies
Laplace’s equation.

The boundary conditions at the body cannot be satisfied completely and we
look for boundary-layer solutions with velocity components (u,v,0) by writing
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N = G-in and V = G-tv. Equations (2.5)—(2.7) then becomes (Rosenhead 1963,
p. 130)

U ou v@u uv ohy) 10p Gt
(1- {hlas han Ty 6n}+hlas T(+pxD)sind g5 an(”h O
X (2.10a)
uoy vov u? oh G2 op
— — I } £
(1 XT){hlas h on  hyh, anG} hy, o
=—-G-1 {T(l +4.xT) cosﬁ—h—l—};aﬁ(yhg,ga)}, (2.100)
wdl wvoT LfG*e 18 1 koT kol
(I_XT){Ea—S--Fh_Z%}-—G {—E%_’—E%}{ h 38+h n I, (2.10c¢)
d(hqu)/0s + 0(hy hyv)[on = 0, (2.10d)
where hy=14+G%kn, hy=1, hy=r+Ginsing
and & = — GHoujon + G-txufh, — G2 ov/ds).

Again we expand in inverse powers of G, so that
u=u,+G%tu +...,

and similarly for 7' and p. Then we have

ou, Ny Dy _ %,
Uo—g TPg 5 0s1n0+a—nz, (2.11a)
dpelon = 0, (2.110)

oT oT 1 62T
w 2o, o 17,
09  %on o on?’

rug)[0s + d(rvg)jon = 0, (2.11d)

(2.11¢)

where uy = v, = Tyat n = 0 and as n — 0o we match with the outer flow to obtain
%y, Ty — 0. These are the familiar boundary-layer equations, in which we have
made the Boussinesq approximation y < 1. Equating terms in G-%in (2.10) and
writing y = G—1¥ we obtain the second-order boundary-layer equations

Uy, OUq ouy 0%y 0Py
20 gy, 0 it Pt Wi &
g TGy TGy TV gy ~hsind —mn o
e 0 ou, + 4 Sin 6 ou,
T Bs on 0~o on

- ou ou, ®uy | 0T, 0u,
+x{ﬂ1T3+To(uo 75 +’an—no)+ 1( e —+ o T } (2.12a)

op,fon = kuf—T,cos0, (2.120)
oMy, oMy O, 0T, 18T, o, 1o, (sme K)
Mg Ty, T T, o-é)nz__l< 25 o on

+x(1, (uoaf o)+ (G4 ()], @20

-aa;(ﬁrul—f—nsinﬁuo—XruoT) +o (rvg+ v (rnk+nsinf—xrTy)) = 0. (2.12d)
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The boundary conditions are u, = v; = T} = 0 at » = 0 and matching with the
second-order outer flow gives 7} - 0 and u, — U(s, 0) as n — co. The boundary
conditions for the second-order outer flow as N — 0 obtained by matching with
the first-order boundary layer as n — o0 are

Vi(s,0) = limwy(s,n), Ti(s,0) = lim7}(s,n) = 0.

n—»wo n—>x

3. The first-order boundary layer

Equation (2.115) means that the pressure is constant across the boundary layer
and takes its value at the outer edge. Hence dp,/és = 0. Equation (2.11d) is
satisfied directly by the introduction of a stream function ¢, defined by

10y, 1oy,
W= = T
We then have

1 dr .
'ﬁOn (1100113 ’I‘ ds 1/,071) 11003 'ﬁOnn =r? TO sin 0 +’mﬁ0nnn7 (3'1a)
¢.OnTOS_¢.OsT0n = 7'/0' onn> (31b)
¢03(8: O) = ¢07z(8’ O) =0, TO(Sa 0) =1, (3'16)
lim ¢y, (s, m) = lim Ty(s,n) = 0, (3.1d)

where subscripts s and » denote differentiation.

Solutions are best obtained by dividing the range of integration in the s
direction into three parts. Near the stagnation point i, and 7, are expanded in
power series in s with coefficients functions of n which satisfy certain ordinary
differential equations. For s » 1 asymptotic series are obtained in inverse powers
of s, while in the middle region (3.1) usually must be integrated numerically.
Forisothermal streaming flows Gortler (1957) found that a transformation of the
variables gave improved series solutions and Saville & Churchill (1967) have
provided a similar transformation for flows with a body force. It is this that we
use here.

We first use Mangler’s transformation to reduce (3.1) to a form similar to that
for planar flows. We write

S

s——f réds, W, =rn,

0
1

¢' 'ﬁow llfo.s = 72 ';005 ds ,’.3 'ﬁOn

Then (3.1) become on dropping the bars
¢'On ¢.Ons - ¢03 ¢'0nn = (Sin 0)/72T0 + ¢'0nnn:}
Tonn + 0 WosTon — Vo Tos) = 0.
Using the Saville-Churchill transformation

Lo () (42

( g) (g, 77)> TO TO )?

(3.2)
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equations (3.2) become

%g(FOWFogﬂ_FogEm)_FOFI)77/+%K(§) F(2)1/= T0+F07]1m7}

%g (F})n T0§ - I’Bng,) - ﬁ})%ﬂ = 0-_1]701717’
where F = F, = 0and T}, = 1aty = Oand K, T}, > Oasy — co. K(£) corresponds
to Gortler’s ‘ principal function’ and is defined by
1 & 72 d (sinf
KO =3+3moa (—“)

The shape of the body enters these equations only through the coefficient
K (&) and for particular body shapes for which K(£) is constant we may obtain

similarity solutions. Here K(£) is not constant and we seek solutions for £ < 1
by expanding in powers of §. Thus

K(E) = X Kg/Ko

(3.3)

where for round-nosed bodies K, = 3 and « = £, and in particular for a paraboloid
K, = — &, K, = 141 We expand F, and T, in powers of &%, i.e.

Fy = Foo+ K Fyy (£ Kot + (K, Fop + K3 Fyyy) (E/Ko)E+ .

Ty = Too+ Ky Ty (§] Ko} + (K, Top + K3 Tona) (/K )t + ..,
then equating coefficients of £% in (3.3) gives

Foo+FooFoo—3F o3+ Too = 0,}
(,;0 + O'Iq)O Tl{)() = 0;

where Fyy(0) = Foo(0) = Fep(o0) = Tp(o0) = 0, T(0) = 1,

(3.4)

and a sequence of linear equations for the higher order coefficients.
For £ > 1 we find that for a paraboloid

K@)~ &5+ K E1+ K384 0(87%),
where K, = 0-052998 and K, = — (3;) . This suggests that we look for asymp-
totic solutions of (3.3) of the form
Fo&.m) = Foo + K, Fo &1+ Ky Fo 65+ zﬂ/\i Fo/\ig_“ +0(£73),

and similarly for 7}, where the A, are the possible eigenvalues of (3.3) and the g,
are scaling factors chosen so that ¥, (0) = 1. Equating coefficients of powers of
£ we obtain . _
Foo+Too+ FoogFog—3Fo8 = O,}
Too+0F o To =0,
where F(0) = Foo(0) = Foo(0) = Too(0) = 0, Tgy(0) = 1,

(3.5)

and a sequence of linear equations for the further unknown coefficients. £, is
found by comparing the velocity and temperature profiles with those obtained

+ These and subsequent sets of linear equations for higher order coefficients are given in
longer versions of §§ 3 and 5 available on request from the J.F.M. Editorial Office, Department
of Applied Mathematics and Theoretical Physics, Silver Street, Cambridge CB3 9EW.
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in the following section for some value of £ where both solutions are valid. For
o =1 we obtain £, = —0-052+0-001 by comparing profiles at £ =10 and
numerical integration of the linear equations for Fy, gives A, = 0-962914 for
o=1.

3.1. Solution in the region where neither series holds

In order to calculate the outer flow we need solutions of the boundary-layer
equations at all points along the body. Van Dyke (1964), treating the flow past a
parabolic cylinder, achieved this by manipulation of series in s, while Clark &
Watson (1971) were able to use similarity solutions. Neither approach seems
likely to succeed here and we must turn our attention to numerical methods.
Terrill (1960), Merkin (1969) and Switzer (1969) have developed step-by-step
finite-difference integration procedures to continue the series solution for £ < 1
into the region of validity of the series for £ > 1. Large but sparse matrices must
be inverted and, because the equations are nonlinear, iteration is necessary at
each step; the step length along the body is very small at first butis systematically
increased later.

A much faster method due to Merk (1959) is applicable whenever £K'(£)
is small, as it is here. This is equivalent to assuming that K(£) is almost constant,
i.e. the departure from similarity solutions is small. In fact, the first term in the
expansion (3.7) below is a local similarity solution and the subsequent terms
are corrections to it. We first change independent variables from (£, %) to (X, %)
and (3.3) becomes

F;)777771+T077+E)F07I7I_%K(g) F%w; = %gK'(g) (E)qFBKn_FoKE)M),} (3.6)
Toyy+ 0FoToy = 0 x 58K () (Fop Tox — Fore Ty,
where Fy(0) = Fy,(0) = Fy,(00) = Ty(0) = 0, T(0) = 1.

F, may then be expanded as
Fy = Foo(K, 1)+ 3EK(8) Foy (K, 1) + (38)2 [ K" (8) Fooy (K, 1) + K'3(E) Foo( K, )] + .,

(3.7)
and similarly for 7. Substituting into (3.6) we get
F36+F60F&+T00“%KF6(2)=0,} (3.8)
T+ 0Foo T = 0, '

where Fyo(0) = Fo(0) = Fop(00) = Tpg(o0) = 0,  Te(0) = 1.

The linear equations for the higher order coefficients are similar to Merk’s but
differ because of his omission of certain terms in his equations (25) and (26).

It is now a straightforward matter to obtain the solution for any £ by solving
a system of ordinary differential equations in which K is a known parameter.
In fact initial guesses for the ‘shooting’ method used here are furnished by the
solution at the previous value of £ and convergence is rapid. Comparison with
results obtained by step-by-step integration show that Merk’s method is suffi-
ciently accurate for our present purposes for 0-1 < £ £ 10-0. Outside this range
the series solutions are to be used.
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4. The outer flow

The outer flow is irrotational and the velocity potential ¢ satisfies La-
place’s equation. We transform to paraboloidal co-ordinates (z,y) defined by
z = }(x—y?), r = xy, so that y = 1 is the surface of the paraboloid z = }(r2—1)
andony = 1, x = r. ¢ satisfies V%) = 0 in y > 1 and the component of velocity
in the y direction, Vi(x,y), satisfies the condition at the surface

lim Vy(x,y) = lim (1+2?)~to¢/oy = hm vo(€, ) = v,(£). (4.1)

y—>1+ y—>1+

V3¢ = 0 takes the form

vawla) 5 lia) -

and a solution bounded as z - 0 and tending to zero as y - w0 is
¢ = AJo(kx) Ko(ky),

where 4 and k are constants. We therefore seek to represent the solution by the
general form

8 = [ 1000 k) Kol e (1.2
so that Vi(x,y) = (1 +x2)—1}f0 f(ke) kK | (ky) Jo(kx) dk.
By Hankel’s inversion formula with y = 1 we get

Fl) Ky(k) = — f ® (1 a2 (e, 1) oty day
0

— [Tt Tk de by (4.0)
0
The tangential component of velocity at the surface is given by

(1+a2)} Uye) = lim — | kf(k)J (k) Ko(ky) dk
=1+ Jo
— lim [ kK o(ky) {fw @, (1 +ad)tvg(zy) Jo(kxl)dxl} Ji(kx,) dk
y—>1+J 0 K,(k) 0 ’

© © k
= f @, (1 + a2 vy(x,) { lim I—CKﬁ%Cl) J o(kzy) J 1 (k) dk} dx;.
0 y—~>1+J0 1( )
(4.3)
The limit process is necessary because Ko(ky)/K,(k) ~ exp{—(y—1)k}ask — o0

and so the inner integral in (4.3} does not converge for y = 1. L1m Ko(ky)] K, (k)

is equivalent to lim e*° and we may write
80+

: Kolky) ; " (Kolk)
lim | * L) R otk Jathe) dk = fo k(Kl(k) 1) I (k) Ty (fex) dk

+ lim ? e~ % kJ o(kay) J(kx) dk = f(x, @) +9(x, %), say. (4.4)
60+ J0
51 FLM 62
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© 2K ()
—kd > = —_—
Also f L Jo(kz) J (k) dle = N EY

(Watson 1962, equation (13.22)), where m? = dax,[6%+ (x +x,)%]~1 and K(m)
is the elliptic integral of the first kind, so that

g(x, ;) = — 02K (m)[m(x + x,)} /o, (4.5)
where m? = 4ax;(x+2,)"2. As 2 >, m — 1 and K(m) ~ —log |« —x,|. Hence
gla, xy) ~ [re(x—a)] as x> .

From (4.3)-(4.5) we obtain

(1422 Uy(a) = f (1o, )y~ f " oL+ 3 o) —n(1 40 o)

0 2K(m) 214 ] * —€ ® —kd
X [ﬂ(x+x1)] dry +2(1 4+ 2z vy(x) 51’161110 . e zlfo ek L Jo(kxy) J ((kx) dk day,

(4.6)

where the second integral on the right takes the value (7rz)1d[x(1 + 22)} vy(x)]/dz
at x; = x and a further converging factor e~<*: has been introduced into the last
integral. By inverting the order of integration this term may be shown to be
equal to (1 +a2)Fvy(x).

The expression contained in (4.4) for f(x,x,) converges slowly and from a com-
putational point of view a better expression is obtained by distorting the path
of integration from the real to the imaginary axis. Thus, for > #; we may write

©» [K
fw, @) = %f 0 F [K:EI;; B 1] [H{ (kz) + HP (k)] J o kzy) dk
(it)

© K . .
f (2) [ K: Gl 1] H® (at) J (i, t) di

0

1 @0 . K —_- ) ' .
+§f0 (—1t) {I(:E—Z;—l] H® (—ixt) Jo(—iay 1) (—5) dt

4 [=[m 1
_ —ﬁfo {E_m] Ky (at) oy ) dt.

Similarly, for z < z;, we obtain
4 [t 1
S, xy) = 772[0 [E—m] Iy (at) Ko, ) d,
and hence f(x,x+ ) —f(x +,x) = 2z. These integrands behave like
t2exp(—|x—xy|t) as t—>o0

and can easily be evaluated numerically. Asymptotic expansions of the inte-
grands in (4.6) as x; - co depend on xz/x, and have been obtained sufficiently
accurately for the upper limits to be replaced by max (10, 3z) and max (10, 7x)
respectively to give results correct to four places of decimals. Sample results for
Uy(z) as well as Vj(z, 1) are shown in table 2 for o = 1,
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£ x(=7r) V A
0-01 0-2557 —1-4197 0-1111
0-1 0-5954 —1-3518 0-2203
0-2 0-7626 —1-3086 0-2561
05 1-0495 - 1-2302 0-2728
1-0 1-3275 —1-1571 0-2692
20 1-6697 —1-:0762 0-2600
50 2-2437 —0-9646 0-2215

10-0 2.7925 —0-8814 0-1834
20-0 3-4648 —0-8018 0-1497
50-0 4-5925 —-0-7044 0-1191
100-0 5-6730 — 06372 0-0928

TaBLE 2. The outer solution

An asymptotic solution for ¢ as z -> o0 may be found by taking spherical
polar co-ordinates (R, 8, w) with the origin at the stagnation point and writing
Vg = 0¢/0R and V; = R-10¢/06. We then have ¥} ~ —V, and U; ~ Vp+ R 1V as
R > 0. Let ¢ =24, P, (1) R'», where v,, < v, ; and g = cos 0, then

Vy~—A, P, (u)sin0 B! as R—>o0, p—>—1.
Nowas pp - —1,
P,(p) ~ mtsinvaflog (14 p) +y +2yr(v+ 1) + 7 cot var —log 2}
and for a paraboloid we have
2~ R~Lr2(142/r24+..)), cos@~—~(1-2[/r2+..)

andsinf ~ 2/rasr—oo. Thus V; ~ — 4, 7~ 1sin (v, ) r(3r%)»~1 as r - o0 and from
§3 we know that vy ~ — (31 F(c0) 4 as r — oo. It follows that v, = 1,

A, = —7m2-1cosec (v,7) (3)F Fyp(0)
and that

Uy~ Ay P, () Bt — A ym~tsin (v ) (32207
= Aymtsin (vy ) (302 vy (v + 24 (v, + 1) + 7 cot (v, 1) — 2log r) — 1}
= (3} Foo(o0) {1 +(logr2 —y — 24 (§) —m}r%. (4.7)

This yields U = 0-136 (compared with the computed value 0-107) for r = 5
and U = 0:061 (compared with 0-055) for r = 10.

5. The second-order boundary layer
The pressure gradient in (2.12a) is obtained from (2.12b) as

opy_ 9 - 12 ® } 1
—&—_—%{Kfn uodn}+as cos 0 i Todn;. (5.1)

We define the second-order stream function i, to satisfy (2.12d) identically, i.e.
Yrin = 1y +nsinduy—xruy Ty, } (5.2)
Yrig = — 10y — vo(rnk +nsin 0 —xrdy). '

51-2
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Using (2.11), (5.2) and the definition of ¥, (2.12a, c) become

(o) (222) 4 (Von 2~ Vo) (2) ~rumn = rsimr,

op, 0%, . o, . . U,
=7 —g+m‘{nW+nsm0T0+ o~ Yo% +sin @ {nsin 67T p-

0 d\ (nsind 0%y, 0T, Ou,
+7(uog§+”0% — %) +X ﬂ1Toa 2+(2+ﬂ)a T

2
+(1—1) %«T———smf)T + 5, Osm@; (5.3)
1 o1y 1 o1} 1 0¥y
r (‘ﬁln 5 Vv an) (‘”"" 5 Vo an) o on?
1 sin @ 82T T\ | ks E)ZT oT,\?
These equations are linear in (y;, T}) and may be subdivided into a number of

simpler problems. Of the terms on the right sides of (5.3) and (5.4) those in «
represent the effect of longitudinal curvature (/) and those in (sin 6)/r arise from
transverse curvature effects (£). Buoyancy effects are present in both terms and
also couple the equations through the term rsin67] on the left side of (5.3).
The second term in (5.1) is due to a heat flux (k) arising from the component of
the body force along the surface and terms in ¥ are due to the variation in the
physical properties of the fluid with temperature. We distinguish those due to
variation of density (dv) (a correction to the Boussinesq approximation), vis-
cosity (vv), thermometric conductivity (fv) and the coefficient of expansion (cv).

The boundary conditions are ¢, = 1, = T} = 0 at n = 0 and the matching con-
ditions give u; — U, and T} — 0 as n — c0. This means that we may distinguish the
contribution of the displacement flow (d) as a specified tangential velocity at
infinity. We thus define

Vi = VP PP+ PPERGAS + Y0+ B+ L) + 0, (5.5)

and similarly for 7).
We now define the operators ©® and ¢ by

#F  (oF ou, oF du, & 8\ (1oF
O 0) =35 (% 35 _53%) ( Yogs T °an)( on )”s‘nw 5.6
193G 1 (0T,oF oT,oF oG oa '
FO == |20 — -0 )|y, — —]J.
O, G) ocont r (38 on  on 88) (u(’ s +v°8n)
Then
OWP,TH) = —ri K N uddn —rk il — Uy +na 2 +nsin 07T, (5.7a)
1>71 os n an 070 on2 o> .
OO, TPy = —(x|o)d{noT,jon}/on, (5.7b)

2 9 0
OWP, TH) = —r (uogé+v(,a—%) (Slil nuo) +sm0{a—n—nsm0’l},}, (5.7¢)
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1sinf o | o7, o=
& Ty = 77 "1yl 0 (h) )Yy = y—
0, ) = - =1 an{n 3n}’ Oy 1, T rasUn cosHTOdn},
(5.7d,e)
e oy du 1\ 2T, .
Oy fan) Jlany =—{ 3no+(1_(_r) ru(,%—zg—rsmﬁfl’g}, (8.7f)
%y 0T, 0u 1 T, (oT,\?
@) T 0) = 04,7070 tv) Ty = — 0,10
O, T r{ °Znz T om 8n}’ AL TE) U{T°3n2+(6n) }’
(5.79,h)
O, T = —rsin 0T, (5.74)
D, TP) = G, T = O, TE) = 0, (5.75)
,)[,(tv) T(tv) ¢-{cv) T(cv)) =0, ,)[,{d) T(d) w(d) T(d) 0. (5.7’0, )

The boundary conditions for all components are
Y1=Y1,=T1=0 at n=0; ¢¥,>0, T,—>0 as n->w
except for {, which satisfies & — U, as n - oo.

After application of the Saville—~Churchill transformation equations (5.6) and
(5.7) become

O(F,T,) = FY + T, 3 (B Fy — Fy Fy) + (Fy Fyg— FiF )}
+ P3P, + By $K(6) Fy F,,
O(F, Ty) = T~ $E(Tog Fy — Ty Fr) + (Fs Ty Foc T} + To By + By T,

(5.8)
OFP, TP) = Ly(E) (FotnFy + Ty + By Fy+ 3F) By + Lof€) f “Fpdy, (5.90)
QEFP, TP) = Ly(E) o= {Ty+ T2, ! (5.9b)
OF D, THY = Ty(&) {4577 F'F' —Fy F, ) 3§F' 0g— nF, Fy— F,F,— F"+77T0}
+TE)9FE, (5.90)
OFP, TP) = T (E) Ty + 1T, (5.94)
OFP, TM) = Hy(E) 1T+ Hy(£) f “ Ty dy+ Hy€) f " g (5.9¢)
QF @D, T@) = (g-1— 1) Fy Tl — 2T, Fl— T3, (5.9f)
O, T) = — (T, FU +ToF), OF ), TE) = — LT, T+ T, (5.99,h)
O(FE, Te) = T, (5.94)
(D(Fl(h)’ T(h)) (D(F{dv), T](_dv)) —_ (D(F{W)’ T{””)) —_ O, (5 9.9)
O(FLD, T{) = OF P, T) =0, OF D, T®) = QED, T@) =0, (5.9%1)

and the boundary conditions for all components are F; = F1 =T, =0at 9 =0
and F; > 0 and 7} - 0 as 9 > oo except for F{#, which satisfies F{?' - D(£
as 7 - co. The shape of the body enters these equations only through the

‘secondary’ functions
__d[KZ(4§\*
L®=-7 3 Zz’

T1(§)= % iZz T2(§)=T1(§)(1+4€Z'/Z,
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dr , 4£\t cos @
o =~{g+r (7 )| (5) S

tcosl 4§\* cos
-4 5 o (45
= (36 (1 + (),
where Z = [(sinﬁ /r]’}, which are of fundamental importance in determining the
nature of the secondary flow. The introduction of L,(£) as well as L;(£) and so on
is a reflexion of the incompleteness of our subdivision (5.5) of (5.3) and (5.4), but

any further subdivision would be unnecessarily cumbersome. For a paraboloid
these functions are

Ly(&
T (&
H,(&

) = £) = $E L+ 5L, K(§),
) = §) = T(g) (4K(§)—1),
)=
Expanding for £ < 1 weget
Ly~ Ly~ Ty ~ 2Ty ~ —3H, ~ 7H, ~ — 274,
IfafmTOgd’I] ~ fmeda;, D~06331 (for o=1)
7 7

and the first terms in the expansions of F; and 7] about £ = 0 are obtained by
substituting these values into (5.9). For £ > 1 we find that

Ly(f) ~ — () (351, Ly(®) ~ 1(3) (31
TE) ~ — (2)} (A28), 1
Hy(E) ~ 33E Y, HyE) ~ —

Hyf) f e ~ — f(E) f " Tudn,

Y
D(E) ~ Fyo(o0) ($€)H{1 + Fglog (54) — 1 (v + 20 }) + 7},

the latter being obtained by use of (4.7). This suggests that we expand F, in
inverse powers of £ as

PP =@ GO HIL+ .}
F{® = (@R AE) % {FPH+..},
Fio = 380 (P + ..,
FP=Fp+..,

F{® = Fyo(0){(3£)Hlog £ FiY +a,(36) 1 FiP + ..,
and similarly for 7', where (v) denotes (dv), (vv), (tv) or (cv).

The derivation of the ordinary differential equations satisfied by these coeffi-
cients has been omitted for the sake of brevity, but details are given in the longer
version of §5 mentioned in the footnote to § 3 which is available from the J.F.M.
Editorial Office.
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Ficurg 1. Second-order skin-friction parameter du,/on for o = 1.
The (dv), (vv) and (¢v) components have been reduced by a factor of 10.

Asin §3.1 we adopt Merk’s method in the region where neither series holds,
the only novel feature being the removal of the secondary functions, L,(£), ete.,
as factors before integrating.

6. Results and conclusions

The numerical integration of the systems of ordinary differential equations
obtained in §§3 and 5 has been performed for ¢ = 0-5, 1-0 and 20 using a ‘shoot-
ing’ technique and all the relevant starting values are tabulated in Walton
(1972).

The skin friction 7 and local Nusselt number N are defined by

T g _ ot [P0 oy }
ST = 65 (60 = 0 HZ 6,0+ G (5, 0) 4,
lq o7 o oT
_ g gy g% L4
N T —T) G 7 (s,0) G {87& (5,0)+ @ — (8,0)+,,,},

where qis the heat transfer from the wall. In Saville-Churchill co-ordinates
du(s, 0)/on = r¥(1+7r2) 3 GETF"(E,0),
0T (s, 0)/om = r3(1 +r2)~H (4£) 2 T1"(£,0).

Values of du(s,0)/on and &T'(s,0)/én are tabulated in Walton (1972) and are
illustrated in figures 1 and 2.

It can be seen that in the region of the stagnation point longitudinal curvature
tends to decrease the skin friction, transverse curvature to increase it and dis-
placement effects to decrease it. Similar effects for isothermal flow were found by
Tani (1954), Eshghy & Hornbeck (1967) and Van Dyke (1962b), and Van Dyke
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Ficure 2. Second-order heat-transfer parameter o7 /én for o = 1.
The (k) component has been magnified by a factor of 10.

(1962 a) respectively and the result due to displacement effects is in accord with
the results of Yang & Jerger (1964) for free convection from a vertical flat plate.
Other important quantities are the flux thicknesses defined as follows:

81:fwu2dn, 62=fwTdn, 63=fqudn,
0

0 0
which we may write as

8, =8, +G 45, +... (1=1,2,3),
where

610 = fw u%dn, 620 = foo T(]dn) 630 = f uOTOdn’
0 0 0

b2 womdn, du= [ Ran, du [ nTruL)an
0 0 0

These quantities are also tabulated in Walton (1972).

For gases typical values of £, 4, and %, are — 1, 0-6 and 0-6 respectively and
x and G- are of the same order, so that figures 1 and 2 closely resemble the actual
ones. For liquids, however, ¥ < G~ and those curves representing the variation
of physical properties should be ignored.

This work formed part of the author’s Ph.D. thesis at the University of Man-
chester, and he gratefully acknowledges the help and encouragement of Mr E. J.
Watson and the financial support of the Science Research Council.
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